The numerical simulation of two-dimensional incompressible complex flows of viscoelastic fluids is presented. The context is one, relevant to the food industry, of mixing within a cylindrical vessel, where stirrers are located on the lid of the vessel. Here, the motion is considered as driven by the rotation of the outer vessel wall, with various stirrer locations. With a single stirrer, both a concentric and an eccentric configuration are adopted. A further eccentric case with two stirrers is also contrasted against the above, where a symmetrical arrangement is assumed. The parallel numerical method adopted is based on a finite element semi-implicit timestepping Taylor-Galerkin/pressure-correction scheme, posed in a cylindrical polar coordinate system. Initially, flows are realised for Newtonian fluids. For viscoelastic fluids, constant viscosity Oldroyd-B and two shear-thinning Phan-Thien/Tanner constitutive models are employed. Both linear and exponential models at two different material parameters are considered. This permits a comparison of various shear and extensional properties and their respective influences upon the flow fields generated. Variation with increasing speed of vessel and change in mixer geometry are analysed, with respect to the flow kinematics and stress fields produced. Simulations are conducted via distributed parallel processing, performed on a cluster of work-stations, employing a conventional message passing protocol (PVM). Parallel results are compared against those obtained on a single processor (sequential). Ideal linear speed-up with the number of processors is observed.
Introduction
The mixing flow of viscoelastic fluids is of industrial importance, particularly in the field of foods processing, such as occurs in dough mixing [1] . The present problem is one of this form, expressed as the flow between an outer rotating cylindrical vessel wall and one or two stationary cylindrical stirrers. Stirrers are located on the mixing vessel lid, and placed in a concentric or eccentric positions with respect to the central cylindrical axis of the vessel (under twodimensional assumptions, the vessel essentially is considered to have infinite height). Elsewhere, we analyse the finite vessel problem in three-dimensions [2] .
This problem has similarity to the classical journal bearing problem, associated with lubrication theory, involving a degree of eccentricity between outer and inner cylinders. The journal bearing problem has been solved for viscoelastic fluids employing finite element methods [3, 4] and spectral element methods [5] . Dris and Shaqfeh [3, 4] with finite elements, observed purely elastic flow instabilities in eccentric cylinder flow geometries. The velocity profiles vary as a function of eccentricity, azimuthal coordinate, and the ratio of cylindrical rotation rates. The local flow dynamics span over the entire range of flows from Taylor-Couette flow to Dean flow. The onset of flow instabilities has been shown to be the result of nonlocal effects in the flow [3] . Global effects drastically alter the hoop stresses in the base flow.
We have made use of two different versions of Phan-Thien/Tanner (PTT) constitutive models with two different material parameters [6, 7] to identify the influence of rheological variation. All PTT models are shear-thinning and have non-linear behaviour in extensional viscosity. Steady elongational viscosities are finite for PTT models, displaying either hardening or softening, depending upon model type and deformation rate. The exponential forms display extension softening beyond an initial hardening phase. For linear PTT models, the initial hardening is followed by a plateau, so that there is no strain-softening. The intensity of hardening is governed by an parameter, stronger hardening corresponds to the lower value of . The Trouton ratio trends are such that large plateau values are reached for linear PTT models (highly elastic). In contrast, the exponential forms exhibits a limiting Trouton ratio of three at high extension rates. The appropriate rheological behaviour sought to reflect the properties of dough-like materials would be shear-thinning with, typically, some strain-softening [1] .
In order to tackle industrially relevant sized problems in reasonable execution times, it is desirable to shift from a sequential to a parallel mode of computation. In recent years there has been an increase in the availability of software to perform message passing for parallel computation, two of the most favoured being Message Passing Interface (MPI) [8] and Parallel Virtual Machine (PVM) [9] . Examples of using PVM for parallelising numerical codes are described in [10, 11] . An investigation by the authors using PVM for the three-dimensional simulation of lid-driven cavity flows is described in [12] . In the present paper, following the study of [13] , PVM version 3.4.3 is adopted using a master/slave configuration, over a networked cluster of Intel Pentium 450MHz processors with 250M of local memory, running the Linux operating system. Domain decomposition is adopted using a Recursive Spectral Bisection (RSB) method [14] , to achieve uniform load balancing across subdomains.
The present study adopts a parallel implementation of a semi-implicit TaylorGalerkin/Pressure-Correction (TGPC) finite element time-marching scheme, which has been developed and refined over the last decade. This scheme, initially conceived in sequential form, is appropriate for the simulation of incompressible Newtonian, inelastic and viscoelastic flows [15] [16] [17] [18] .
In Section 2, the complete problem is specified and the governing equations are described in Section 3. This is followed, in Section 4, by an outline of the TGCP numerical method employed for the simulations. In Section 5, we describe the practical issues involved in our parallel computation, referring to the domain decomposition procedure (RSB) to partition into sub-problems distributed over the appropriate networked cluster of processors. We proceed, in Section 6, to outline the details of the parallel numerical algorithm, as they relate to the individual computation phases and their solvers upon each time step. Simulation results are presented in Section 7 and our conclusions are drawn in Section 8. 
Problem Specification
The problems investigated here are two-dimensional mixing flows of viscoelastic fluids, of relevance to the food industry. Such flows are rotating, driven by the rotation of the outer containing cylindrical-shaped vessel. The stirrers are held in place by being attached to the lid of the vessel. In reality, within the industrial process, the lid of the vessel would rotate with single and/or double stirrers attached. With a single stirrer, both a concentric (C-1S) and an eccentric (E-1S) configuration are adopted. An eccentric case with two stirrers (E-2S) is contrasted against the former configurations, where a symmetrical arrangement is assumed (see Fig. 1 ).
Initially, the problem is analysed for rotating flow between concentric rotating stirrer cylinders, to validate the finite element discretisation in this cylindrical polar co-ordinate system. Subsequently, two alternative problem settings are investigated -rotating flow between eccentric cylinders, with one and two stirrers. Both Newtonian and viscoelastic fluids are considered throughout. Finite element meshes for the problems involved are displayed in Figures 2 and  3 , respectively. For mesh convergence studies, we have generated three meshes, adopting a hierarchical mesh refinement technique. In this technique, each parent element of the coarser mesh is divided into four child elements. Between the solutions of any variable on two consecutive refined meshes, a discrepancy of order one percent is tolerated. The total number of elements, nodes and degrees-of-freedom are presented in Table 1 , where N and V denote Newtonian and viscoelastic cases, respectively. Note, that the degrees-of-freedom increase by an order of magnitude with the introduction of stress variables in the case of viscoelastic fluids.
To provide a well-posed specification for each flow problem, it is necessary to prescribe appropriate initial and boundary conditions. Simulations commence from a quiescent initial state. Boundary conditions are taken as follows. The fluid may stick to the solid surfaces, so that the components of velocity vanish on the solid inner stirrer sections of the boundary. On the outer rotating cylinder vessel a fixed constant velocity boundary condition is applied (v r = 0 and v θ = 1), and a pressure level is specified as zero. For viscoelastic flows, stress components are left unconstrained at both inner and outer cylinder/stirrer(s), being solutions on closed streamlines.
Governing System of Equations
The two-dimensional isothermal flow of incompressible viscoelastic fluid can be modelled through a system comprising of the generalised momentum transport, conservation of mass and viscoelastic stress constitutive equations. The coordinate reference frame is a two-dimensional cylindrical coordinate system taken over domain Ω. In the absence of body forces, the system of equations can be represented through the conservation of mass equation, as,
the conservation of momentum transport equation, as,
where, u is the fluid velocity vector field, σ is the Cauchy stress tensor, ρ is the fluid density, t represents time and ∇ the spatial differential operator. The Cauchy stress tensor can be expressed in the form:
where p is the isotropic fluid pressure (per unit density), δ is the Kronecker delta tensor, whilst T e is a total stress tensor. For the upper-convected PhanThien/Tanner differential model, the stress tensor T e is given as:
where d and ∇ τ are the rate-of-strain and upper-convected material derivative of polymeric extra-stress tensor (τ ), respectively; µ 1 and µ 2 are corresponding polymeric and solvent fluid viscosities, and λ 1 is the relaxation time. The total viscosity µ = µ 1 + µ 2 , and the ratio µ 1 /µ 2 = 1/9 is selected. The function f , for the exponential case, is:
and for the linear case:
where Tr(τ ) is the trace of the polymeric stress tensor and is a material parameter. Two different values are used: = 0.02 is chosen to represent polymer solutions, whilst, = 0.25 for polymer melts [19, 20] . We differentiate between these model choices, using the notation EPTT( ) for the exponential model and LPTT( ) for the linear form.
In this study, we present solutions through contour plots of stream function, pressure and components of stress. Other solution fields of interest are shearrate, rate-of-work done and power. Power may be equated to the spatial integral of the rate-of-work done. These quantities are defined as:
Shear-rate:γ = (2I 2 ), Local rate-of-work done:ẇ = T e : ∇u =ẇ µ +ẇ τ , Power:
where I 2 is the second invariant of rate-of-deformation tensor,ẇ µ andṖ µ , anḋ w τ andṖ τ are the local rate-of-work done and the power contribution from viscous and viscoelastic parts respectively.
Relevant non-dimensional group numbers are define as:
Elasticity number, E = W eRe
The characteristic velocity V is taken to be the speed of the vessel, the characteristic length scale is the diameter, 2R, of a stirrer and the characteristic viscosity µ c is the zero shear-rate viscosity. It is convenient to introduce an elasticity number to study flowrate changes (via rotational speed) for a single fluid specification.
Numerical Method
As stated earlier, a time-marching finite element algorithm is employed in this investigation to compute numerical solutions through a semi-implicit TaylorGalerkin/pressure-correction scheme [15, 21, [16] [17] [18] , based on a fractional-step formulation. This involves discretisation, first in the temporal domain, adopting a Taylor series expansion in time and a pressure-correction operator-split, to built a second-order time-stepping scheme. Spatial discretisation is achieved via Galerkin approximation for the both momentum and stress constitutive equations. The finite element basis functions employed are quadratic (φ j ) for velocities and stress, and linear (ψ k ) for pressure. Corresponding integrals are evaluated by a seven point Gauss quadrature rule.
Stage 1a:
Stage 2:
Stage 3:
where V n and T n (T rr , T rθ , T θθ ) are the nodal velocity vector and extra-stress tensor at time t n , respectively; V * is an intermediate non-divergence-free velocity vector, V n+1 is a divergence-free velocity vector at time step t n+1 . P n is a pressure vector and Q n+1 = P n+1 − P n is a pressure difference vector. M is a mass matrix, N(V) is a convection matrix, K is a pressure stiffness matrix, L is a divergence/pressure gradient matrix and S is a momentum diffusion matrix. The system matrices are defined as:
Mass matrix:
Gradient matrices:
Non-linear elastic matrices:
Non-linear advection matrices:
Repeated indices implies summation, taken over i, j and l for all velocity and stress nodal points, and k, m for all vertex pressure nodal points on the triangular meshes. F n is a forcing function vector due to body force and boundary conditions at time t n (which vanishes here). To give the precise second-order form of the pressure-correction algorithm the Crank-Nicolson coefficient θ is taken as one half. Stage one and three are governed by augmented massmatrices and solved by a Jacobi iterative method, that necessitates using only a small fixed number of mass iterations, typically three. At stage two, a Poisson equation emerges, with a matrix that is symmetric and positive definite. It possesses a banded structure, for which it is appropriate to employ a direct Choleski method. The bandwidth may be optimised by using an algorithm such as that of Sloan [22] .
Here, n denotes the time step index. Velocity and stress components at the half step n + 1 2 are computed in step 1a from data gathered at level n and in step 1b an intermediate non-solenoidal velocity field V * and stress field T are computed at the full time step, using the solutions at the level n and n + At this stage, the calculation for stress over a full time step cycle is complete. For pressure this leads naturally to a second step, where a Poisson equation is solved for the pressure-difference from a non-solenoidal velocity field V * over the full time step. Solving for temporal pressure-difference has some specific advantages with respect to boundary conditions at the second step, see [15] . On a third and final step, a solenoidal velocity is captured at the end of the time-step cycle, computed from the pressure-difference field of step 2. For finite element approximation, the generalised weighting function w i replaces φ i , taken as gφ i . For a streamline-upwind-Petrov-Galerkin formulation with the stress equation, operator g = 1 + u.∇, and for the Galerkin formulation of both momentum and stress equations, g = 1. In general, for time stepping computation, ∆t = 0.01 is chosen and a relative solution-increment time-step termination tolerance of 10 −5 is enforced.
Parallel computation
Parallel computation is employed, within the finite element scheme proposed above, through a spatial domain decomposition method. The domain of in-terest is decomposed into a number of subdomains, according to available resources. Uniform load distribution is ensured using a Recursive Spectral Bisection method [14] . As the Recursive Spectral Bisection method only supports partitioning in powers of two, a partitioning method is employed for six and twelve subdomains using information from eight and sixteen subdomains splits, as gathered from RSB. The various sub-domains generated in this manner are illustrated in Fig. 4 for 2, 4, 6, 8 and 12 subdomains. In the case of twelve subdomains, one domain is disjoint. With an increasing number of subdomains, interfacing nodes (In n ) increase (as does communication cost), whilst the number of elements, nodes (N n ) and degrees-of-freedom per subdomain decreases. For six and twelve subdomains, a uniform load distribution is not strictly adhered to. In Table 2 , we present the number of elements and nodes per subdomain, the number of interfacing nodes and ratio of subdomain nodes to interfacing nodes (C n = N n : In n ). Computed results are presented through the parallel performance of the TaylorGalerkin scheme on the homogeneous network, by measuring factors of speedup and efficiency with increasing numbers of processors (and sub-tasks). Elsewhere, heterogeneous networks have been utilised in a similar fashion, though in such instances performance metrics become less definitive [12] .
Parallel Numerical Algorithm
The semi-implicit time-stepping TGPC algorithm is parallelised as follows. Each of the individual fractional-stage phases of the algorithm is parallelised within a single time-step loop. This implies operations of gather and scatter of data, pre-and post-each phase, respectively. In such a manner, the combined problem is split into associated sub-problems relating to each subdomain. We relate such operations with message passing between master and slave processors, achieved via PVM Send and Receive communication commands. This is a crucial issue to ensure correct system configuration and network communication.
Of the various fractional-stages, the pressure equation step is the only one that is conducted through a direct solution procedure (Choleski), involving the explicit parallel construction and solution of a matrix problem. Remaining stages are associated with an iterative solution procedure (Jacobi). It is upon this basis that the exceptional parallel performance characteristics are achieved. The complete detail behind the parallelisation of the TGPC and these two algebraic solution procedures is given in [13] . Briefly, both necessitate an assembly and solution phase, involving finite element loop construction of right-hand-side vectors and matrix components. For Choleski, the matrix components must be stored. Fortunately, this is manageable even for large problems, as the pressure variable in question is of scalar form.
Solution phases radically differ between iterative and direct procedure. The iterative solution phase is nodally-based. Each sub-problem on a slave processor, first computes for the boundary (interfacing) nodes, so that their result may be communicated to the master processor directly, whilst the computation for interior sub-domain nodes is completed enabling effective masking of communication. The master processor must then process the combined domain contributions for the interfacing nodes, as well as performing system synchronisation and intercommunication processor control. The parallel finite element Jacobi iteration may be expressed in concise notational form, as
. . .
for iteration r, right-hand-side vector b, iteration subdomain vector X P i , sys-tem mass matrix M fe and diagonal matrix M d ,
A single iteration sweep of this sort will maintain integrity levels of the data re-synchronisation. Care likewise must be taken with respect to consistent solution increment tolerance calculations, across individual slave and master processors.
The parallel direct solution phase adopts a Schur-complement approach. This introduces a herring-bone structure to the complete system matrix problem, via the associated nodal numbering on each subdomain and the interfacing boundary nodes. The parallel herring-bone structure of the Choleski system matrix may be represented as
. .
with [P i ] the subdomain problem for the interior of subdomain i, [P i M], the matrix contribution of interior subdomain i to the boundary-node problem, and [M] that for the boundary-nodes.
The subdomain problem, for each interior subdomain, may be solved in parallel with all others. Finally, the interfacing-node matrix problem is solved, for which all available processors may be used. To date, the size of the interfacingnode matrix problem has been such that a single processor (the master) has been employed to resolve it. In such a fashion, it is possible to render largescale problems tractable, typically of three-dimensional or viscoelastic form ( [13] ).
Numerical predictions and discussion
The first problem addressed is that of a rotating vessel with a concentric stirrer, C-1S, for both Newtonian and viscoelastic fluids. An Oldroyd-B model is used to validate the algorithm in cylindrical polar coordinates. Subsequently, two further problems are considered: that of a rotating vessel, plus either one or two stirrers, eccentrically located with respect to the vessel axis. Four different types of non-linear Phan-Thien/Tanner viscoelastic constitutive models are tested. These exponential and linear models with = 0.25 and = 0.02. All Phan-Thien/Tanner constitutive models considered, are shear-thinning. The linear PTT model at = 0.02 is strain-hardening, at about a unit stainrate; for = 0.25, the extensional viscosity is again strain-hardening and sustains a higher plateau value of order ten. Both exponential versions display strain-hardening at low deformation-rates and then strain-softening at larger deformation-rates. At = 0.02, strain-hardening is much more prominent than at = 0.25. With increasing W e values, the viscometric functions µ s and µ e translate, so that the same sort of trends are noted, but occurring earlier in the deformation rate ranges.
The numerical results presented are analysed in four separate phases:
• influence of increasing inertia (Re), by increasing the rotational speed of the vessel; • rheological effects, noting change with elastic model, material parameter and increasing elasticity at fixed vessel speed; • comparison of single-stirrer asymmetric flow to two-stirrer symmetric flow; • demonstration of flow structure, pressure, stress, shear-rate, rate-of-work done, and power.
The predicted solutions are displayed through contour plots of streamlines, stress, pressure, shear-rate, and rate-of-work done. Line graphs are provided for non-dimensional vortex intensity, pressure and stress differentials, and rateof-work done. Stress and pressure patterns are plotted using eleven contours from minimum to maximum value over a fixed range. Comparative diagnostics may be derived accordingly. Streamlines are plotted in two regions, first from the vessel wall to the stirrer boundary, with 0.5 increment, and second from the stirrer to the centre of the recirculation with an increment of 0.2.
The concentric stirrer rotating cylinder flow of a Newtonian fluid admits the following analytical solution [23] :
where R i and R o are radii of inner and outer cylinders, respectively; r is the radial coordinate and R o Ω 0 is the rotational speed of the vessel. Employing the semi-implicit Taylor-Galerkin/pressure-correction scheme above, the departure from the analytical solution in velocity and pressure is found to be within 0.1%. For an Oldroyd-B model, the above analytical solution may be extended equally to the derived stress components. Finite element solutions for velocity, pressure and stress are computed that lie within 1% of the analytical solutions. For this problem, the flow manifests a pure shearing flow circular structure.
Single stirrer case (E-1S)
For flow in a rotating vessel with a single eccentrically-placed stirrer, the velocity gradients vary along the streamlines, therefore the flow deformation patterns are now quite different from those for the concentric stirrer case.
For the single stirrer case and Newtonian fluids, different rotational speeds of vessel wall are considered. The Reynolds number is computed through increasing characteristic rotational speeds. For Reynolds numbers Re = 2, Re = 4, Re = 8 and Re = 12, the corresponding rotation rates are ω = 12.5 rpm, ω = 25 rpm, ω = 50 rpm and ω = 75 rpm. At a low rotational speed of 12.5 rpm, an intense recirculation region forms in a phantom ghost image position of the stirrer, symmetrically placed along the line, intersecting the diameter that links the centres of the vessel and the stirrer. Upon increasing rotational speed, this recirculation region shifts towards the upper-half-plane and leaves a less intense recirculation in the central zone.
Streamline patterns with increasing speed: E-1S
For viscoelastic simulations, we commence our finite element analysis with an exponential version of the Phan-Thien/Tanner model and = 0.25, EPTT(0.25).
In Fig. 5 , streamlines are plotted to analyse the influence of increasing rotational speed on flow structure (i.e., by increasing inertia through Reynolds number). Patterns follow those described above for Newtonian fluids with increasing speed. At ω=12.5 rpm (Re = 2), the intense recirculation region shifts slightly from its central location, parallel to the stirrer. As rotational speed increases, the centre of recirculation again shifts its position towards the upper half-plane, introducing greater asymmetry. Inertial influences are found to push the fluid away from the centre of the recirculation region, towards the vessel wall, reducing vortex intensity: the flow becomes asymmetric as a consequence.
A line graph of vortex intensity against increasing rotational speed of the vessel is plotted in Fig. 6 . The decrease in vortex intensity is clear, as the rotational speed of vessel increases, pushing the fluid outwards and towards the vessel wall. There is barely any change in vortex intensity, at any speed, upon doubling the fluid elasticity through E number.
Comparing viscoelastic solutions against those for Newtonian fluids, it may be observed that, the introduction of a small amount of elasticity does not alter either the flow structure or the shift in vortex position. Only a reduction in recirculation intensity is noted. 
Other variables with increasing speed: E-1S
Analysing the pressure, shear-rate, rate-of-work done, and state of stress, minimum and maximum values arise at the stirrer. Dimensional quatities are reported here, to provide some feel for actual values arising in practice. Appropriate scaling in each variable takes the form:
, so that typical scales at 50rpm yield p = 24.44p * ,γ = 23.28γ * , W = 10.24Ẇ * and τ = 24.44τ * , with shear-rates O(10 2 )s −1 . Minimum negative pressure occurs on the downstream side of the stirrer (in the lower half-plane) and maximum positive pressure is on the upstream side (in the upper half-plane). As we adjust from Re = 2 to Re = 12, increasing inertia, the pressure increases at both extremal ends and the pressure differential (∆p = P max − P min ) increases linearly with the rotational speed of the vessel. The rate of increase is practically identical for all models and material parameters. This is displayed in Fig. 7 (a) in dimensional form. Similarly, with increasing rotational speed, increase in maxima of shear-rate and rate-of-work done is observed at the narrowest section of the gap between stirrer and vessel on the stirrer.
Shearing and stretching of the fluid occurs in the vicinity of the stirrer, spread-ing further upstream and expanding over the entire flow field. This is illustrated in Fig. 8 through field plots. Maximum and minimum locations are denoted by filled (•) and unfilled circles (•), respectively, and values are given in the legend. From line graph Fig. 7 (b) , the dimensional form of the stress maxima is shown to grow with increasing inertia. Rising from an equitable level in all components at 12.5 rpm, the hoop stress value increases to about 50% above that for shear and radial stress at 75 rpm. 
Streamline patterns with increasing elasticity: E-1S
Investigating the influence of elasticity at fixed inertia, we compare the streamline contour plots for the rotational speed of 50 rpm, as illustrated in Fig. 9 . Switching between Newtonian to elastic fluids, trends in shift of recirculation region are broadly equivalent to those observed with increasing inertia (see above). The main distinguishing features introduced are: there is a more exaggerated twist in the recirculation region, reduction in intensity and pushing of the fluid towards the vessel outer wall. (c) −3.9 < P < 1.56 
Change in model and material parameter: E-1S
In Fig. 10 , we proceed to adjust the constitutive model from the exponential version, EPTT, to a linear version, LPTT, with identical parameter settings to those of Fig. 8 . This LPTT(0.25) model is shear-thinning, but mildly strain-hardening at larger strain-rates, achieving a low plateau level O(1) in extensional viscosity, µ e . Extensional stress τ θθ is the principal distinguishing feature in Figures 8 and 10 , practically doubling in maxima with switch in model from EPTT to LPTT. This is due to strain differences in the azimuthal direction.
We subsequently adjust the material parameter from = 0.25 (shear-thinning and strain-softening), to = 0.02 (representing shear-thinning and strainhardening properties). In Fig. 11 , line plots are displayed for stress differentials (∆τ = τ min − τ max ) for both PTT models and material parameters, at an elasticity number of E=0.125. Changing material parameter from = 0.25 to = 0.02, has significant influence upon the stress fields. At higher rotational speeds and with material parameter = 0.02, there is stress growth beyond that at = 0.25. We attribute this response to the influence of strainhardening. At any one -setting, both EPTT and LPTT show similar trends in stress differential growth with increasing speed. The major growth is in hoop stress. At 75 rpm, the hoop stress value is about double those for radial and shear stress. The extrema of shear-rate and rate-of-work done, along with power are exhibited in Table 3 , for the two models and parameters. These are segregated into viscous and extra-stress contributions, as well as their sum. For both models, shear-rate is higher, at the parameter setting of = 0.25 than at = 0.02. So for example, EPTT(0.25) shear-rate is about 22% larger than EPTT(0.02), whilst LPTT(0.25) shear-rate is about 5% larger than LPTT(0.02). Shearthinning plays a major role here, though strain-hardening is also a contributing factor across models. The contribution from the viscous local rate-of-work done is small compared to that for elastic local rate-of-work done. The combined local rate-of-work done values are about 40% higher for EPTT(0.02) compared to those for EPTT(0.25). The equivalent is 60% for LPTT(0.02) over LPTT(0.25). Adjustments between model at = 0.25 are relatively minor. At = 0.02, LPPT rate-of-work done is 28% larger than that for EPTT. Similar trends to the foregoing are observed in the integrated quantities of power, across contributing parts and the whole, over model and material parameter choices. This means that the greatest power consumption is attributed to the elastic contribution and is more prominent for the = 0.02 settings than = 0.25. We attribute this to strain-hardening behaviour around strain-rates of order unity. LPTT ratings are always elevated over those for EPTT at any fixed setting, oncemore due to hardening response. Hence, the largest power rating is observed for LPTT(0.02), followed by EPTT(0.02), then LPPT(0.25) and lastly, EPTT(0.25).
Double stirrer case (E-2S)

Results for increasing speed: E-2S
A second problem instance investigated is one with two stirrers, a variation on the theme above. For viscoelastic simulations, we analyse in Fig. 12 model, with speeds increasing from 12.5 rpm (Re=2) to 75 rpm (Re=12). At a rotational speed of 12.5 rpm, two symmetrical recirculating regions are formed in the centre of the vessel between the stirrers. The apex of these twin vortices joins at the centre of the vessel and forms a figure of eight structure. As we increase rotational speed up to 75 rpm, both symmetrical recirculating regions twist in the direction of the motion of the vessel. Increasing rotational speed has a tendency to push the fluid from the centre of the vessel towards the vessel wall and leaves a reduced vortex intensity in both recirculating regions.
At a low level of Re = 2, pressure, shear-rate and rate-of-work done start to develop in the vicinity of the stirrer, near the narrow gap. With increase of speed, it is our experience that the trends in such variables are all increasing. The field position at Re=12 is provided for completeness in Fig. 14. 
Results for increasing elasticity: E-2S
In Fig. 13 , streamline patterns are displayed covering the range of Weissenberg number, 0 ≤ W e ≤ 3. At a fixed rotational speed and with increasing elasticity, a twist in the recirculation regions is observed. The Newtonian twin vortices twist in the direction of rotation and this twist is further exaggerated with increasing Weissenberg number. Commonly the opposite is found to be true: that is inertia and elasticity are countra-influences. For example, this is the case for flow over a slot [24] or in flow past cylinder/sphere [18, 25] . The broadening of the recirculation region central zone has been observed to be a consequence of shear-thinning, hence the marked adjustment from Newtonian to all the EPTT patterns.
As we increase the elasticity, pressure, shear-rate and rate-of-work done increase. As fluid enters and leaves the narrow gap, close to both stirrers, the material experiences rapid extension and the tensile stress increases, accordingly.
Change in model and material parameters: E-2S
Between Figures 14 and 15 , we are able to contrast the field position across the relevant variables for both EPTT and LPTT at = 0.25, Re = 12 and E = 0.125. Trends largely follow those of the single-stirrer case, bar the broader field dispersal. Again, the dominant stress is τ θθ , LPTT(0.25) value is 50% larger than that for EPTT(0.25). Shear-rate maxima are about the same across the two models, though double that of E-1S.
Figures 16 and 17 represents the line graphs of the pressure differential and stress differentials (∆τ ) for both PTT models and material parameters. At a low inertia level, all models behave in a similar fashion. At higher rotational speeds, the difference between EPTT and LPTT is not significant in pressure and stress differentials. A major difference is observed in stress growth with change in material parameter, = 0.25 to = 0.02. This rapid growth in stress may be due to the enhanced strain-hardening response at = 0.02, as compared to that at = 0.25. The growth in radial and shear stress are of the same order, whilst the major growth is in hoop stress. As such, τ θθ almost doubles the other component values. In contrast to the single stirrer case, all ∆τ component maxima are now reduced by a factor of two. This has some impact upon the localised rate-of-work done (see below). We note that non-dimensional extrema in stress are provided in field plots, as a contrast to dimensional ∆τ of Figures 16 and 17 .
In Table 4 , maxima in shear-rate and local rate-of-work done are provided, along with power for both EPTT and LPTT, at = 0.25 and = 0.02 material parameter settings. For this problem, shear-rates vary as in the onestirrer case (Table 3) , with variation in model and material parameter, though roughly double in maxima values. We observe that, viscous local rate-of-work done, in maxima, now has comparable level of contribution to that of the elastic contribution: slightly larger for = 0.25 cases, smaller for = 0.02. This stands in stark contrast to the single stirrer scenario and indicates the local dominance of viscous shearing effects in the two-stirrer problem. As a consequence, the combined local rate-of-work done is greater for models with = 0.25, as compared to those for = 0.02.
Performance on power consumption for the two-stirrer problem reflects the full-field contributions of the rate-of-work done. There is greater dispersal of stress across the domain for two-stirrer flow, above that for one-stirrer. Qualification of power follows the trends observed for the single stirrer case, across individual contributions and combined sums. The elastic parts are somewhat larger than the viscous ones. PTT(0.02) models attract greater power than PTT(0.25); LPTT versions have larger values than EPTT forms. As one might expect, there is a consistent trend of power increase, beyond two-fold, from E-1S to E-2S. Only extensional influences across the whole domain may account for these observations. For viscoelastic simulations utilising EPTT(0.25) as a basis, we contrast our results for the two-stirrer scenario against the asymmetrical single-stirrer case above. Fig. 18 provides line graphs for vortex intensity with increasing rotational speed (or Re). For the double stirrer case, vortex intensity decreases slowly with increasing Reynolds number, whilst for the single stirrer case, decrease in vortex intensity is clearly evident. This is due to the asymmetry of the one stirrer flow patterns. Similar results are derived for other model variants, switching to either LPTT or parameter to 0.02.
Parallel Performance
Metrics employed to quantify parallel performance over a cluster of n-processors include total speed-up (S n ) and efficiency (η n ) for the parallel computation.
We may define such metrics as: where T seq is the CPU time in seconds (s) for the sequential algorithm and T n is the CPU time for the parallel algorithm. CPU time T n of the parallel computation can be decomposed into computation time (T comp n ) and communication time (T comm n ). Timings correspond to total job run-time, inclusive of input-output and communication latency. In Table 5 , quantitative values of speed-up and efficiency factors are recorded on sample sets of data for the parallel Taylor-Galerkin/pressure-correction algorithm. A homogenous cluster is used for this purpose, as discussed in Section 5. These results are for Newtonian and viscoelastic simulations, with E-2S on mesh-M3, the most detailed case with the largest number of degrees-offreedom. Elsewhere, we have considered heterogeneous as well as homogeneous cluster configurations [12] .
The numerical values of Table 5 with increasing numbers of processors, only five percent loss of efficiency is observed with up to twelve processors and one percent with six processors. For the same network cluster configuration and six processors, less than one percent loss of efficiency is observed with viscoelastic simulations. This reflects the fact that viscoelastic computations carry between two and three times the DOF of the Newtonian case (see Table 1 ). The consequence of this is felt within our parallel implementation via the ratio of internal to boundary nodes in each instance (see Table 2 ). This ratio will affect the proportion of cost, split between communication and sub-problem computation (e.g., masking communication [12, 13] ). Clearly, it is preferable to acquire sufficiently large problems to take full advantage of the efficiency offered through parallelisation. For optimality, a balance must be struck between degrees-of-freedom per subdomain and number of processors n, such that the ratio between T comp n and T comm n is minimal. For the current case on mesh-M3, Newtonian results for 18,223 nodes and 41,077 DOF reflect a decline in speed-up factor on six subdomains or slave-processors (Table 5 ), tolerating about 15% C n ratio (Table 2). For viscoelastic timings with 95,746 DOF, degradation does not emerge before eight subdomains, for which C n approaches about 16.5%. In Table 6 , for both single and double stirrer eccentric problems on mesh-M1, speed-up and efficiency is tabulated to demonstrate the loss of ideal speedup and efficiency. The size of problem decreases for this fixed mesh-M1 by about one twentieth from mesh-M3 (see Table 1 ). For an increasing number of partitions, we demonstrated that the cost of communication rises and this degrades the total efficiency of computation. For the computation on a fixed number of sub-domains (say four) and upon increasing the size of the problem (mesh-M3), we observe in contrast that efficiency improves overall.
Conclusions
In this paper we have performed various simulations for the rotating flow of viscoelastic fluids, in a cylindrical vessel past either one or two stirrers. Both linear and exponential Phan-Thien/Tanner models have been considered, for variations in rheological behaviour. In order to obtain results efficiently, parallel computations have been invoked throughout, using a domain decomposition approach with PVM message passing protocol. On the examples considered, we have shown that almost ideal linear speed-up and scalability may be achieved, employing the current parallel implementation of this time-stepping fractional-staged algorithm.
In the concentric stirrer case (C-1S) the Taylor-Galerkin/pressure-correction algorithm in cylindrical polar coordinates has been validated against an analytical solution. In the single eccentric stirrer case (E-1S), at low rotational speed, a stagnant recirculating region appears in the centre of the vessel, between vessel and stirrer. Increasing inertia, distorts the shape of this region resulting in asymmetry, with greater shift towards the upper half-plane of the vessel. Similar response is observed with increase in elasticity. Again, the asymmetric recirculating region twists and moves towards the upper half-plane. For the case of two stirrers (E-2S), at low rotational speed, a recirculating figure of eight configuration appears in the centre of vessel, between the two stirrers. By either increasing inertia or elasticity, the symmetric recirculating regions twist with the motion of the vessel. At the levels tested, the influence of inertial increase was comparable to that for elasticity.
For both linear and exponential models with = 0.25, we have observed a slow rise in particular field variables of pressure, stress and rate-of-work done with increasing Reynolds number and Weissenberg number. Correspondingly, both models with = 0.02, display sharper increases in equivalent variables and under similar conditions. At higher flowrates, this increase is more prominent.
For the one-stirrer problem, we have observed that both global power and local rate-of-work done may be quantified with similar trends. The elastic contri-butions are greater than the viscous ones. The larger the strain-hardening response, as in LPTT above EPTT and with = 0.02 above = 0.25 settings, then the greater the power accrued. Here, local maxima in stress differential are large (twice that of two-stirrer case) and localised influences dominate. For the two-stirrer problem, in contrast to the above, the power doubles. Shear influences tend to dominate locally, so that localised rate-of-work of viscous and elastic contributions are now of comparable order. Shear-rate maxima double for two-stirrers, above that of the one-stirrer case. There is more dispersal of stress across the domain, so that the global power reflects this and the more global strain influences take effect.
